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1. Introduction
We got the motivation for this work while studying the example [4, p. 126, Example 1], where Ingram and Mahavier
described the graph of an upper semi-continuous set valued function, f , for which the inverse limit space is not connected.
To make this paper self-contained we include the example as Example 4.2 — the whole Section 4 is devoted to giving
examples. We modiﬁed the graph of the function f , described by Ingram and Mahavier, by replacing the straight line
segment from (1,1) to ( 34 ,
1
4 ) in the graph of f by the new straight line segment from (1,1) to (
3
4 ,a), a >
1
4 . We realized
that the new inverse limit space obtained from such modiﬁed function is connected for any a > 14 . Taking a = 14 + 12n one
gets the sequence of upper semi-continuous set valued functions fn , such that
(a) limn→∞(Γ ( fn)) = Γ ( f ) is true, and
(b) limn→∞(lim←− {X, fn}∞k=1) = lim←− {X, f }∞k=1 is not true,
where in both cases limn→∞ means the limit of the sequence under consideration in the corresponding hyperspace with
respect to the Hausdorff metric. By [7, p. 61, Corollary 4.18] such limits preserve connectivity and hence (b) follows.
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440 I. Banicˇ et al. / Topology and its Applications 157 (2010) 439–450Based on this observation, as well as on the fact that a similar approach proved to be useful in the recent paper [1], and
using the standard notation Kn = lim←− {X, fn}∞k=1 and K = lim←− {X, f }∞k=1, the following question can be stated:
Question 1.1. Let X be a compact metric space, and for each positive integer n, let fn : X → 2X be an upper semi-continuous
function, and let f : X → 2X be an upper semi-continuous function, such that
lim
n→∞Γ ( fn) = Γ ( f ) (1)
in 2X×X equipped with the Hausdorff metric. Under which conditions does the equality
lim
n→∞ Kn = K (2)
hold?
The above mentioned example shows, that in general the equality (2) does not follow from (1). But we prove in Theo-
rem 3.4 that when the limit function f is single valued and functions fn are surjective, then limn→∞ Kn = K holds true. If
the functions fn are not surjective then Example 4.3 shows that the answer to the question may be negative even in the
case when all functions involved are single valued.
On the other hand we prove in Theorem 3.2 the following general result: for any sequence { fn}∞n=1 of upper semi-
continuous set valued functions from X to 2X , where X is a compact metric space, and for any upper semi-continuous
function f from X to 2X , such that
lim
n→∞
(
Γ ( fn)
)= Γ ( f ),
and any accumulation point S of the sequence {Kn}∞n=1, the inclusion
S ⊆ K
holds true. Or, in other words, we prove that limsup Kn ⊆ K (see Theorem 2.2).
We also give several additional examples, illustrating that in general limn→∞ Kn = K (Examples 4.2–4.4).
One may ask another question:
Question 1.2. Let X be a compact metric space, and for each positive integer n, let fn : X → 2X be an upper semi-continuous
function and let f : X → 2X be an upper semi-continuous function, such that (2) in 2
∏
X . Under which conditions does the
equality (1) hold true?
We shall see in Theorem 3.6 that the answer to this question is positive without any additional condition but surjectivity
of fn .1
2. Deﬁnitions and notation
Our deﬁnitions and notation mostly follow Nadler [7] and Ingram and Mahavier [4].
A continuum is a nonempty, compact and connected metric space.
Let (Xn,dn) be a sequence of metric spaces, where all metrics are bounded by 1. Then
D(x, y) = sup
n∈{1,2,3,...}
{
dn(xn, yn)
n
}
,
where x = (x1, x2, x3, . . .), y = (y1, y2, y3, . . .), will be used for the metric on the product space ∏∞n=1 Xn . It is well known
that the metric D induces the product topology ([2, p. 190, Theorem 7.2], [6, p. 123, Theorem 9.5]). We will use
∏
X for∏∞
k=1 Xk , if Xk = X for each positive integer k.
For a metric space (X,d) we use the metric
d˜ : (X × X) × (X × X) → R,
deﬁned by d˜((x1, y1), (x2, y2)) = max{d(x1, x2),d(y1, y2)}, as the metric inducing the product topology on X × X .
If (X,d) is a compact metric space, then 2X denotes the set of all nonempty closed subsets of X . Let for each ε > 0 and
each A ∈ 2X ,
Nd(ε, A) =
{
x ∈ X: d(x,a) < ε for some a ∈ A}.
1 We thank Simon Špacapan for a discussion regarding the question.
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Hd(H, K ) = sup
{
ε > 0: H ⊆ Nd(ε, K ), K ⊆ Nd(ε, H)
}
,
for H, K ∈ 2X . Then (2X , Hd) is a metric space, called the hyperspace of the space (X,d). For more details see [3,7].
If (X,d) is a compact metric space, and {An}∞n=1 a sequence of subsets of X , we deﬁne lim inf(An), limsup(An) and
limn→∞ An as follows:
(a) lim inf(An) = {x ∈ X: for each open set U , such that x ∈ U ,U ∩ An = ∅ for all but ﬁnitely many n},
(b) limsup(An) = {x ∈ X: for each open set U , such that x ∈ U ,U ∩ An = ∅ for inﬁnitely many n},
(c) limn→∞ An = A if limsup(An) = A = lim inf(An).
The following are well-known results. The proof of Theorem 2.1 can be found in [7, p. 57, Theorem 4.11], the proof of
Theorem 2.2 follows from the deﬁnitions of limsup An and of the Hausdorff metric.
Theorem 2.1. Let (X,d) be a compact metric space, and {An}∞n=1 a sequence of nonempty compact subsets of X . Then limn→∞ An = A
in the sense of (c) above if and only if the sequence {An}∞n=1 converges to A in (2X , Hd).
Theorem 2.2. Let (X,d) be a compact metric space, and {An}∞n=1 a sequence of nonempty compact subsets of X . Then limsup An is
the union of all accumulation points of the sequence {An}∞n=1 in (2X , Hd).
When writing limn→∞ An = A in 2X , we shall always mean that limn→∞ An = A in (2X , Hd).
Let (X,d) be a metric space, and {an}∞n=1 a sequence of points in X . A point a ∈ X is called an accumulation point of the
sequence {an}∞n=1, if for each ε > 0, d(an,a) < ε holds true for inﬁnitely many positive integers n.
A set valued function f : X → 2Y , where X and Y are compact metric spaces, is upper semi-continuous (abbreviated u.s.c.)
if for each open set V ⊆ Y the set {x ∈ X | f (x) ⊆ V } is an open set in X . We say that a u.s.c. function f : X → 2Y is
surjective, if for each y ∈ Y there is an x ∈ X , such that y ∈ f (x).
The graph Γ ( f ) of an u.s.c. function f : X → 2Y is the set of all points (x, y) ∈ X × Y such that y ∈ f (x).
Ingram and Mahavier gave the following characterization of u.s.c. functions [4, p. 120, Theorem 2.1]:
Theorem 2.3. Let X and Y be compact metric spaces and f : X → 2Y a set valued function. Then f is u.s.c. if and only if its graph
Γ ( f ) is closed in X × Y .
An inverse sequence of compact metric spaces Xk with u.s.c. bonding functions fk is a sequence {Xk, fk}∞k=1, where
fk : Xk+1 → 2Xk for each k. But by certain misuse of notation, we shall denote {Xk, fk}∞k=1 also by
X1
f1←− X2 f2←− X3 f3←− · · · .
Since in this paper we deal only with such inverse sequences, we will call them simply inverse sequences.
The inverse limit of an inverse sequence {Xk, fk}∞k=1 is deﬁned to be the subspace of the product space
∏∞
k=1 Xk of all
x = (x1, x2, x3, . . .) ∈∏∞k=1 Xk , such that xk ∈ fk(xk+1) for each k. The inverse limit will be denoted by lim←−{Xk, fk}∞k=1. The
notion of the inverse limit of an inverse sequence with u.s.c. bonding functions was introduced by Mahavier in [5] and
Ingram and Mahavier in [4].
In this paper we will work only with the special case where the sequences {Xk}∞k=1 and { fk}∞k=1 are constant. Hence,{X, f }∞k=1 denotes the inverse sequence
X
f←− X f←− X f←− · · · .
Also, we will use the following already mentioned standard notation for the inverse limits through the whole article:
Kn = lim←− {X, fn}∞k=1, K = lim←− {X, f }∞k=1.
3. Proofs of theorems
In this section we prove the main theorems. We will use the following lemma to prove them.
Lemma 3.1. Let X be a compact metric space, and for each positive integer n, let Mn be a nonempty closed subset of X , and let M be a
subset of X , such that
lim
n→∞Mn = M
in 2X . For each positive integer n, let xn ∈ Mn. Then a ∈ M for each accumulation point a of the sequence {xn}∞ .n=1
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in X , therefore there are open sets U and V in X , such that a ∈ U , M ⊆ V , and U ∩ V = ∅. Since limn→∞ Mn = M , there
is a positive integer n0, such that for each n  n0, Mn ⊆ V . Therefore there are only ﬁnitely many xn ∈ U , which gives a
contradiction with the assumption that a is an accumulation point of {xn}∞n=1. 
We next prove the following theorem, being the best possible result with no additional assumptions on functions fn , as
the examples provided in Section 4 show.
Theorem 3.2. Let X be a compact metric space, and for each positive integer n, let fn : X → 2X be a u.s.c. function, and let f : X → 2X
be a u.s.c. function, such that
lim
n→∞Γ ( fn) = Γ ( f )
in 2X×X . Then for each accumulation point S of the sequence {Kn}∞n=1 in the hyperspace 2
∏
X ,
S ⊆ K
holds.
Proof. Let S ⊆ ∏ X be an accumulation point of the sequence {Kn}∞n=1. Let {Kin }∞n=1 be a subsequence of the sequence{Kn}∞n=1, such that limn→∞ Kin = S .
Take any s = (s1, s2, s3, . . .) ∈ S . We will prove that s ∈ K by showing that s j ∈ f (s j+1) (or equivalently (s j+1, s j) ∈ Γ ( f ))
for each positive integer j.
Let j be a positive integer. As S is the limit of the sequence {Kin }∞n=1, it follows that for each ε > 0, there is an n0, such
that for each n  n0, HD(S, Kin ) < ε. Hence, for each ε > 0, there is an n0, such that for each n  n0, there is xn ∈ Kin , so
that D(xn, s) < ε.
Taking ε = 1n , and choosing an appropriate strictly increasing sequence jn , one gets a sequence {xn}∞n=1 of points in
∏
X ,
such that
(a) for each positive integer n, xn ∈ Ki jn ,
(b) for each positive integer n, D(xn, s) < 1n .
It follows that limn→∞ xn = s in (∏ X, D),
x1 =
(
x11, x
1
2, . . . , x
1
j , x
1
j+1, . . .
) ∈ Ki j1 ,
x2 =
(
x21, x
2
2, . . . , x
2
j , x
2
j+1, . . .
) ∈ Ki j2 ,
x3 =
(
x31, x
3
2, . . . , x
3
j , x
3
j+1, . . .
) ∈ Ki j3 ,
x4 =
(
x41, x
4
2, . . . , x
4
j , x
4
j+1, . . .
) ∈ Ki j4 ,
...
s = (s1, s2, . . . , s j, s j+1, . . .) ∈ S.
For each positive integer n, xn ∈ Ki jn , and therefore (xnj+1, xnj ) ∈ Γ ( f i jn ). From (b) it follows that (xnj+1, xnj ) converges to
(s j+1, s j) in X × X . As limn→∞ Γ ( f i jn ) = Γ ( f ), it follows that (s j+1, s j) ∈ Γ ( f ) by Lemma 3.1. We see that s ∈ K . 
In Theorem 3.4 we give a partial answer to Question 1.1. We will use Lemma 3.3 to prove it.
Lemma 3.3. Let X be a compact metric space, and for each positive integer n, let fn : X → 2X be a u.s.c. function, and let f : X → X
be a continuous single valued function, such that
lim
n→∞Γ ( fn) = Γ ( f )
in 2X×X . Then for each ε > 0, there exists a positive integer n0 , such that for all n n0 , for all x ∈ X, and for all y ∈ fn(x),
d
(
y, f (x)
)
< ε
holds true.
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d
(
yn, f (xn)
)= max{d(y, f (x)) ∣∣ y ∈ fn(x), x ∈ X}
and yn ∈ fn(xn) (i.e. (xn, yn) ∈ Γ ( fn)). This choice is possible because Γ ( fn) is compact and the function (x, y) → d(y, f (x))
is continuous on Γ ( fn).
Suppose that there exists an ε > 0, such that for each positive integer n0, there are n  n0, x ∈ X , and y ∈ fn(x), such
that d(y, f (x)) ε. Then there is a strictly increasing sequence im of positive integers, such that for all m,
d
(
yim , f (xim )
)
 ε.
Let (xi jm , yi jm ) be a subsequence of (xim , yim ), which converges to a point (x0, y0) ∈ X × X . Then d(yi jm , f (xi jm )) converges
to an α  ε, where α = d(y0, f (x0)).
It follows from Theorem 2.1 that (x0, y0) is in
limsupΓ ( f i jn ) = limn→∞Γ ( f i jn ) = Γ ( f ).
So we see that y0 = f (x0). It follows that α = d(y0, y0) = 0, contradicting α  ε > 0. 
Next we prove our main result.
Theorem 3.4. Let X be a compact metric space, and for each positive integer n, let fn : X → 2X be a surjective u.s.c. function, and let
f : X → X be a continuous single valued function, such that
lim
n→∞Γ ( fn) = Γ ( f )
in 2X×X . Then
lim
n→∞ Kn = K .
Proof. We must prove that for each ε > 0, there exists a positive integer n0 such that HD(Kn, K ) < ε holds true for all
positive integers n n0. By the deﬁnition of HD that means it must be shown that for all positive integers n n0,
(a) for all x ∈ K , there exists y ∈ Kn , such that D(x, y) < ε, and
(b) for all x ∈ Kn , there exists y ∈ K , such that D(x, y) < ε.
In order to prove that for any given ε > 0 we can choose a positive integer n0, such that (a) holds for any n  n0, ﬁrst let
us choose a positive integer m such that diam(X)m < ε.
Then choose numbers
0< δ1 < ε1 < δ2 < ε2 < δ3 < ε3 < · · · < δm−2 < εm−2 < δm−1 = ε,
starting at the right-hand side, and then moving to the left in such a way that for any chosen εi the next δi is chosen
using uniform continuity of f , so that for any x, x′ ∈ X , from d(x, x′) < δi it follows that d( f (x), f (x′)) < εi , and that for any
chosen δi , i > 1, the next εi−1 is just any positive number satisfying εi−1 < δi .
Now let
ε0 = min{δ1, δi − εi−1: i = 2,3, . . . ,m − 1}.
Next using Lemma 3.3 choose a positive integer n0, such that for any n n0, for any s ∈ X , and for any t ∈ fn(s), it holds
that
d
(
f (s), t
)
< ε0. (3)
Fix an arbitrary x ∈ K and an arbitrary n n0. Then x is of the form
x = ( f m−1(xm), . . . , f 2(xm), f (xm), xm, xm+1, . . .).
Let us arbitrarily choose ym−1 ∈ fn(xm), ym−2 ∈ fn(ym−1), ym−3 ∈ fn(ym−2), . . . , y1 ∈ fn(y2) and let y ∈ Kn be of the form
y = (y1, y2, . . . , ym−2, ym−1, xm, ym+1, ym+2, . . .).
Note that the choice of ym+1, ym+2, . . . is possible because the functions fn are surjective.
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d(xi, yi)
i
< ε
by the choice of m. By (3),
d
(
f (xm), ym−1
)
< ε0  δ1 < ε1  ε.
It holds that d( f 2(xm), f (ym−1)) < ε1 by choice of δ1, since d( f (xm), ym−1) < δ1; d( f (ym−1), ym−2) < ε0 by (3). Therefore
d
(
f 2(xm), ym−2
)
 d
(
f 2(xm), f (ym−1)
)+ d( f (ym−1), ym−2)< ε1 + ε0  δ2  ε.
Inductively for any i m − 1, d( f i(xm), f (ym−i+1)) < εi−1 by choice of δi−1, since d( f i−1(xm), ym−i+1) < δi−1 (we shall
prove that this condition is preserved by the inductive step), and d( f (ym−i+1), ym−i) < ε0 by (3), since ym−i ∈ f (ym−i+1).
Therefore
d
(
f i(xm), ym−i
)
 d
(
f i(xm), f (ym−i+1)
)+ d( f (ym−i+1), ym−i)< εi−1 + ε0  δi  ε.
It follows that
D(x, y) = sup
n∈{1,2,3,...}
{
d(xn, yn)
n
}
< ε,
proving (a).
In order to prove that for any given ε > 0 we can choose a positive integer n0, such that (b) holds for any n n0, assume
that it is not so. In that case there would exist a strictly increasing sequence in and a sequence xn ∈ Kin such that for all n
and all y ∈ K , D(xn, y) ε. Let z be an accumulation point of {xn}∞n=1. Obviously z ∈ limsup Kin . By Theorem 2.2, there is an
accumulation point S of Kin in 2
∏
X , such that z ∈ S . By Theorem 3.2, z ∈ K , hence D(xn, z) ε for all positive integers n,
which contradicts the choice of z. 
In Theorem 3.6 we give an answer to Question 1.2. In order to prove it we need the following lemma.
Lemma 3.5. Let { fn}∞n=1 be a sequence of surjective u.s.c. functions from X to 2X , where X is a compact metric space, and let f be a
set valued function from X to 2X , such that limn→∞ Γ ( fn) = Γ ( f ) in 2X×X . Then f is surjective.
Proof. Take any y ∈ X . For any positive integer n choose (xn, y) ∈ Γ ( fn), using surjectivity of fn . Let (x, y) be an accumu-
lation point of {(xn, y)}∞n=1. Obviously (x, y) ∈ limsupΓ ( fn), hence (x, y) ∈ Γ ( f ) by Theorem 2.1. Therefore y ∈ f (x). 
Theorem 3.6. Let { fn}∞n=1 be a sequence of surjective u.s.c. functions from X to 2X , where X is a compact metric space, and let f be a
u.s.c. function from X to 2X , such that limn→∞ Kn = K in 2
∏
X . Then
lim
n→∞Γ ( fn) = Γ ( f )
holds true in 2X×X .
Proof. Suppose that limn→∞ Γ ( fn) = Γ ( f ) does not hold. Then there is an ε > 0, such that for each positive integer n ∈ N
there is a positive integer m > n, such that
(a) there is a point (am,bm) ∈ Γ ( f ), such that for all (x, y) ∈ Γ ( fm),
d˜
(
(am,bm), (x, y)
)
 ε
holds true, or
(b) there is a point (am,bm) ∈ Γ ( fm), such that for all (x, y) ∈ Γ ( f ),
d˜
(
(am,bm), (x, y)
)
 ε
holds true.
Suppose (a) happens for inﬁnitely many n. Then there is a strictly increasing sequence {in}∞n=1 of positive integers such that
for each n there is a point (ain ,bin ) ∈ Γ ( f ), such that for all (x, y) ∈ Γ ( f in ) it holds that
d˜
(
(ain ,bin), (x, y)
)
 ε.
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Consider a point of the form
(b,a, x1, x2, x3, . . .) ∈ K ;
the choice of x1, x2, . . . is possible, since f is surjective by Lemma 3.5. As limn→∞ Ki jn = K , there is a sequence of points(
d1, c1, x
1
1, x
1
2, x
1
3, . . .
) ∈ Ki j1 ,(
d2, c2, x
2
1, x
2
2, x
2
3, . . .
) ∈ Ki j2 ,(
d3, c3, x
3
1, x
3
2, x
3
3, . . .
) ∈ Ki j3 ,
...
which converges to the point (b,a, x1, x2, x3, . . .). It follows that limn→∞(dn, cn) = (b,a). Therefore there is an integer n1,
such that for each n n1,
d˜
(
(cn,dn), (a,b)
)
<
ε
2
.
There is also an integer n2, such that for each n n2, it holds that
d˜
(
(ai jn ,bi jn ), (a,b)
)
<
ε
2
.
Let n0 = max{n1,n2}. Then for each n n0,
d˜
(
(ai jn ,bi jn ), (cn,dn)
)
 d˜
(
(ai jn ,bi jn ), (a,b)
)+ d˜((a,b), (cn,dn))< ε
2
+ ε
2
= ε
which gives a contradiction because it follows from the deﬁnition of inverse limits that (cn,dn) ∈ Γ ( f i jn ) for each n.
Therefore it follows that (b) holds for inﬁnitely many n. For each n choose (an,bn) ∈ Γ ( fn), such that for each (x, y) ∈
Γ ( f ), d˜((an,bn), (x, y))  ε. Let (a,b) ∈ X × X be an accumulation point of the sequence (an,bn). It follows that for each
(x, y) ∈ Γ ( f ), d˜((a,b), (x, y)) ε holds. Let {(ain ,bin )}∞n=1 be a subsequence of the sequence {(an,bn)}∞n=1, which converges
to (a,b). As limn→∞ Kin = K , it follows from Lemma 3.1 that (b,a, y1, y2, . . .), being an accumulation point of the sequence(
bi1 ,ai1 , x
1
1, x
1
2, . . .
) ∈ Ki1 ,(
bi2 ,ai2 , x
2
1, x
2
2, . . .
) ∈ Ki2 ,(
bi3 ,ai3 , x
3
1, x
3
2, . . .
) ∈ Ki3 ,
...
lies in K . Therefore (a,b) ∈ Γ ( f ), which contradicts the assumption, that for each (x, y) ∈ Γ ( f ), d˜((a,b), (x, y))  ε holds
true. 
Example 4.1 shows that surjectivity of functions fn is essential in Theorem 3.6.
The next corollary follows from Theorems 3.4 and 3.6.
Corollary 3.7. Let X be a compact metric space, and for each positive integer n, let fn : X → 2X be a surjective u.s.c. function, and let
f : X → X be a continuous single valued function. Then the following statements are equivalent.
(a) limn→∞ Kn = K in 2
∏
X .
(b) limn→∞ Γ ( fn) = Γ ( f ) in 2X×X . 
4. Examples
In this section we provide some examples in the special case when X = [0,1].
We begin with an example showing that surjectivity of functions fn is essential in Theorem 3.6.
Example 4.1. Let for each positive integer n, fn be the u.s.c. function [0,1] → 2[0,1] , deﬁned by its graph:
Γ ( fn) =
([0,1] × {0})∪
{(
1
4
,
1
2
)}
,
and f (x) = 0 for all x ∈ [0,1]. Obviously
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(a) for each n, it holds that Kn = {(0,0,0, . . .)}, and K = {(0,0,0, . . .)}. Therefore limn→∞ Kn = K ;
(b) limn→∞ Γ ( fn) = Γ ( f ) does not hold.
We continue with an example, showing that it may occur that limn→∞ Kn = K , even though limn→∞ Γ ( fn) = Γ ( f ),
where each fn and f is an u.s.c. set valued function [0,1] → 2[0,1] . We got the idea for this example in [4], where Ingram
and Mahavier described the u.s.c. function f , for which the inverse limit of the inverse sequence {[0,1], f }∞n=1 is not
connected.
Example 4.2. Let for each positive integer n, fn be the u.s.c. function [0,1] → 2[0,1] , deﬁned by its graph:
Γ ( fn) =
{
(x, x)
∣∣∣ x ∈
[
0,
1
4
]}
∪ ([0,1] × {0})∪ ({1} × [0,1])∪ Ln,
where for each positive integer n, Ln denotes the straight line segment with endpoints T1(1,1) and T2( 34 ,
n+2
4n ). Obviously
in 2[0,1]×[0,1]
lim
n→∞Γ ( fn) = Γ ( f ) =
(
{0} ×
[
0,
1
4
])
∪ ([0,1] × {0})∪ ({1} × [0,1])∪ L,
where L denotes the straight line segment with endpoints T1(1,1) and T2( 34 ,
1
4 ) — see Fig. 1. It has been proved in [4] that
K is not connected. By a rather straightforward analysis one can present Kn as a union of arcs in such a way that it easily
follows that Kn is connected for each n.
Therefore for each n, Kn is connected while K is not, hence by [7, p. 61, Theorem 4.17] it is not true that in 2
∏ [0,1] ,
lim
n→∞ Kn = K .
The following example shows that the claim in Theorem 3.4 cannot be extended to the sequence of nonsurjective bond-
ing functions { fn}∞ , even in the case when all fn are single valued.n=1
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Example 4.3. Let f : [0,1] → [0,1] be the identity function and let for each positive integer n, fn : [0,1] → [0,1] be deﬁned
with fn(x) = (1− 1n+1 )x for each x ∈ [0,1] (see Fig. 2). Clearly, limn→∞ Γ ( fn) = Γ ( f ) in 2[0,1]×[0,1] . It is easy to see that Kn ={(0,0,0, . . .)} for each n. As K is the straight line segment from (0,0,0, . . .) to (1,1,1, . . .), it follows that limn→∞ Kn = K .
Example 4.4 shows, that there is a sequence of continuous single valued onto functions fn : [0,1] → [0,1] and an u.s.c.
function f : [0,1] → 2[0,1] , such that
(1) limn→∞ Γ ( fn) = Γ ( f ) in 2[0,1]×[0,1] ,
(2) limn→∞ Kn = K is not true in 2
∏[0,1] ,
proving the essential role of single valuedness of f in Theorem 3.4.
Example 4.4. Deﬁne the u.s.c. function f : [0,1] → 2[0,1] with the graph
Γ ( f ) = ({0,1} × [0,1])∪ ([0,1] × {1})
and for each positive integer n a continuous single valued function fn : [0,1] → [0,1] with its graph
Γ ( fn) = Ln ∪ Un ∪ Rn,
where Ln is a straight line segment with endpoints (0,0) and ( 13n ,1), Un a straight line segment with endpoints (
1
3n ,1) and
(1 − 13n ,1), and Rn a straight line segment with endpoints (1 − 13n ,1) and (1,0) — see Fig. 3. Obviously, limn→∞ Γ ( fn) =
Γ ( f ) in 2[0,1]×[0,1] . Take(
1
2
,0,1,
1
2
,1,1, . . .
)
∈ K .
We claim, that for each n and for each point (x1, x2, x3, x4, . . .) ∈ Kn ,
D
(
(x1, x2, x3, x4, . . .),
(
1
2
,0,1,
1
2
,1,1, . . .
))
 1
24
.
(a) If x1 = 0, then D((x1, x2, x3, x4, . . .), ( 12 ,0,1, 12 ,1,1, . . .)) |x1 − 12 | = 12 .
(b) If x1 = 0, then x4 < 13n or x4 > 1− 13n , because x4 ∈ [ 13n ,1− 13n ] implies x3 = 1, x2 = 0, and x1 = 0. Therefore d( 12 , x4)
1
2 − 13n  12 − 13 = 16 . Hence D((x1, x2, x3, x4, . . .), ( 12 ,0,1, 12 ,1,1, . . .))
1
6
4 = 124 .
Hence for each n and for each x ∈ Kn , D(x, ( 12 ,0,1, 12 ,1,1, . . .)) 124 and therefore limn→∞ Kn = K does not hold.
We continue with an example showing that there are single valued continuous functions fn and an u.s.c. set valued
function f , which is not single valued, such that
(1) limn→∞ Γ ( fn) = Γ ( f ) in 2[0,1]×[0,1] ,
(2) limn→∞ Kn = K in 2
∏[0,1] .
This example shows that (2) may follow from (1) even in the case when f is not single valued.
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Fig. 4. The graphs of fn and f in Example 4.5.
Example 4.5. Let for each positive integer n, Gn be the graph of the function fn : [0,1] → [0,1], deﬁned with fn(x) = xn ,
and let Γ ( f ) = ([0,1] × {0}) ∪ ({1} × [0,1]) — see Fig. 4. Obviously
lim
n→∞Gn =
([0,1] × {0})∪ ({1} × [0,1])= Γ ( f ).
As each fn is strictly increasing, it is easy to see that for each positive integer n, Kn is an arc from (0,0,0, . . .) to (1,1,1, . . .).
By a rather straightforward analysis, one can easily see that K is also an arc from (0,0,0, . . .) to (1,1,1, . . .). It follows from
Theorem 3.2 that for each accumulation point S of {Kn}∞n=1, it holds that S ⊆ K . But each accumulation point S of {Kn}∞n=1
is a continuum containing the points (0,0,0, . . .) and (1,1,1, . . .). As K is an arc from (0,0,0, . . .) to (1,1,1, . . .), it follows
that each accumulation point S of the sequence {Kn}∞n=1 equals K and therefore limn→∞ Kn = K .
Theorem 3.4 can be applied in case of very complicated functions fn , if f is single valued, as illustrated in Example 4.6.
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Example 4.6. For each positive integer n, we deﬁne the u.s.c. function fn : [0,1] → 2[0,1] by its graph: Γ ( fn) = Γ (gn) ∪ Mn,
where for each n,
gn(x) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
[0, 12n ]; x = 0,
{ 12n }; x ∈ [0, 22n ],
[ 12n , 32n ]; x = 22n ,
{ 32n }; x ∈ [ 22n , 42n ],
...
{ 2n−12n }; x ∈ [ 2
n−2
2n ,
2n
2n ],
[ 2n−12n , 2
n
2n ]; x = 2
n
2n ,
and Mn is a (closed) mouse2 in [0, 22n ]× [ 12n , 32n ], see Fig. 5. Obviously the graphs of fn converge to the graph of the identity
function f on [0,1]. By Theorem 3.4, the sequence {Kn}∞n=1 is convergent in 2
∏[0,1] and limn→∞ Kn = K , where K is an arc.
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